Abstract F-theory attempts to include all U-dualities manifestly. Unlike its T-dual manifest partner, which is based on string current algebra, F-theory is based on higher dimensional brane current algebra. Like the T-dual manifest theory, which has O(D − 1, 1) 2 unbroken symmetry, the F-theory vacuum also enjoys certain symmetries ("H"). One of its important and exotic properties is that worldvolume indices are also spacetime indices. This makes the global brane current algebra incompatible with H symmetry currents. The solution is to introduce worldvolume covariant derivatives, which depend on the H coordinates even in a "flat" background. We will also give as an explicit example the 5-brane case.
Introduction
It is well known that many string theories ("S-theories") are related by different dualities [1] [2] [3] . On the one hand, this led to the idea of M-theory [4, 5] (a theory that is one dimension higher than S-theory) that links all different types of S-theories to each other by dualities. It's also known that M-theory (or S-theory) would further imply U-duality [3, 6, 7] , conjectured to be a discrete subgroup of E n(n) (n is the dimension of M-theory), which is the most general duality (including S-duality and T-duality) of S-theory. However, M-theory cannot give us every type of S-theory Instead of explaining our notations all over the paper, some common notations are defined in this section so that the readers don't have to hunt for them. i) f (1) ≡ f (σ 1 ), where σ is worldvolume coordinates, f (1 − 2) ≡ f (σ 1 − σ 2 ), f ((1) + (2)) ≡ f (1) + f (2), and, similarly, f ((1) − (2)) ≡ f (1) − f (2).
ii) Worldvolume vector indices are denoted as q, r, · · · ; spacetime spinor indices are α, β, · · · ; superspace indices (which include {D, P, Ω}) are M, N, O, · · · ; covariantized superspace indices are A, B, C, · · · (also include {D, P, Ω}); group coordinate indices are denoted as I, J, K, · · · ; the covariantized index for H group is S, and the full set of covariantized superspace indices, including all "A" indices, S, and Σ, are A, B, C, · · · . vii) ∂ r = ∂ ∂σ r , a worldvolume coordinate derivative. Sometimes we have to specify which coordinate we act on: Then we add an additional index ∂
ix) ⊲ A (σ) = the full set of covariant worldvolume currents.
is a worldvolume field and is an element of H group.
is the graded (anti)symmetrization, i.e. sum of index permutation (with a minus sign if not interchanging two spinor indices) in the parenthesis but not the ones in between the two vertical lines, | |.
3 General Construction
Problem With Naive Approach
We start this subsection with an observation, and then work the way to the general case, showing why the naive current algebra is not compatible with global H symmetry.
As described in [16] , we know that in general the worldvolume current⊲ M obeys the following algebra:
We could naively introduce additional H-group worldvolume currents⊲ S and force
Then a symmetric part of Jacobi identities gives
However, this doesn't work because spacetime indices in F-theory are also worldvolume indices. If we want spacetime indices to transform under H group, then worldvolume should transform as well. Since η is a "constant" under group G-transformations, it should also be invariant under H-transformation. And we're led to the following identity:
To find a solution, it is useful to go back to the general construction of symmetry generators of H group. The generalized symmetry generator method from particle to brane is listed in the table below:
Particle Brane
Here G is the symmetry generator of the group. The last brane current is the "dual" current of ⊲ S , which does not have a particle analog. The relations between structure constants and generalized metric are listed as follows:
It's useful to inspect the simplest case with metric only (we neglect f term):
In F-theory, again, worldvolume indices are also spacetime indices. They both have to transform the same way under H group. However, by construction, ∂ r is not a function of α, therefore, both r and q don't transform under⊲ S . We are led to an impasse.
For the rest of the paper we will denote⊲ Σ instead of ⊲ Sr for simplicity.
Solution
To include the group H in the theory, we introduce a set of H group coordinates as worldvolume fields α I (σ), and the corresponding group elements g(α(σ))) ∈ H, and their inverses. By definition, they obey the following commutation relation:
where ⊲ S is the symmetry generator of group H. We also define new sets of currents by multiplying the old ones with g ′ s, i.e.
so that all the indices transform under H-group as well. We should point out that since we have introduced a current ⊲ S , we should also introduce its dual current⊲ Σ :
It can be shown that the original metrics are unaffected if the worldvolume derivative is also multiplied by g:
where 
where
a r⊲ Sr .
The third equality comes from (δg)g −1 = (δα)e −1 G. For the fourth equality we use the fact that (G a )
S I in the fourth line is the covariant "dual" of ⊲ S (⊲ Σ = ⊲ Sa ). Using that fact that
comes from the definition of equation (3.2)), we get
We close this section by calculating the commutation relation between ⊲ S and ⊲ Σ :
a r (e −1 )
Jacobi Identity
In the last section, we have constructed a very general mechanism to find all the currents. We will now check the Jacobi identity between currents and check if they are consistent with the method described above. Here we mention some results in [17] : The worldvolume currents are {⊲ D ,⊲ P ,⊲ Ω } with the following nonvanishing commutation relations:
We now generalize the above commutation relations using the method mentioned in Section 3 to include H group; we get:
We can find all the relations between f 's and η's by plugging in the above commutation relations into the Jacobi identities, which are listed in Appendix A. Here we point out some of the interesting ones. The first example is combining equation (A. 19 ) and (A.16), 
If we write the above equation explicit in S and b (worldvolume) indices, we get:
5 Example: 5-brane F-theory on the 5-brane has been investigated quite intensively, e.g. [15] [16] [17] [18] [19] . We go along with the trend and apply the above method to this case. It is shown in [17] that the bosonic sector lives in SL(5)/SO (3, 2) . In order to be generalized to supersymmetry, rather than choosing H = SO(3, 2), we look for its double covering group H = Spin(3, 2) ∼ = Sp(4) and impose
The only invariant tensors that are symmetric in the two symmetric spinor indices are the Dirac γ-matrices with two antisymmetric vector indices, i.e. (γ mn ) αβ . Hence,
i.e.⊲ P =⊲ mn = −⊲ nm . This then leads to
Again, SL(5) invariant tensors are proportional to 5 dimensional Levi-Civita tensors or their combinations. Since⊲ P = 1 2⊲
[mn] and η P 1 P 2 r should be symmetric in P 1 and P 2 , it can be chosen to be
By construction,
As explained in Section 3, the above structure constants and metrics are numerically the same as before and after introducing H group element g. All we have to put in is η SΣa , and the rest of the structure constants and the metrics can be found by using the equations in Appendix A. By construction, ⊲ S transforms all the indices the same way as usual Spin(3, 2) indices.
We first use equation A.18 to find the only one that doesn't involve Σ that's left, f
We now determine what η SΣa is. As explained in Section 3, η SΣa = η .3) we found the rest of two unsolved structure constants:
Theη above is SO(3, 2) metric.
The full commutation relations are listed in Appendix B.
Conclusion
The method presented in this paper gives a consistent mathematical structure for higher dimensional brane current algebra (higher than 1) by construction, as opposed to the usual Jacobi identity method used in string theory [20, 21] . The main reason is that for 1-brane or string, on the "metric" the additional worldvolume index can take only one value, which is inert under H transformation. For (higher dimensional) brane current algebra, the additional worldvolume indices can have more than one choice. However, in F-theory worldvolume indices are also spacetime indices, therefore they all have to react to H-group transformations the same way spacetime indices do. This property makes the original construction unsuitable for the higher dimensional brane algebra (mentioned in the beginning of Section 3). The method presented in this paper can be used in any finite dimensional brane. We've worked out the 5-brane case in detail.
The method used in this paper is not just interesting by itself but also can be utilized for the following subjects: i) Generalize the method to curved spacetime (F-gravity).
ii) Analyze massive modes.
iii) Understand string field theory. A Relating f 's and η's Using Jacobi
The following are the complete list of all the relations between f 's and η's. The "zero modes" means no derivative on delta function ones (δ 2 ) and the "oscillating modes" means the ones that have a derivative on a delta function (δ∂δ). Equations (A.1 ∼ A.11) show that f 's are invariant under group H, and equation (A.12) gives nothing new.
Zero modes:
(A.13)
Oscillating modes:
(A.22)
B 5-Brane Commutation Relations
This appendix shows all the nonvanishing commutation relations for the 5-brane. 
